Introduction {#Sec1}
============

The split feasibility problem (SFP) was first introduced by Censor and Elfving \[[@CR1]\] in the finite-dimensional space, which could be formulated as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mbox{Finding } x\in C,\quad \mbox{such that } Ax\in Q, $$\end{document}$$ where *C* and *Q* are nonempty closed convex subset of Hilbert space $\documentclass[12pt]{minimal}
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                \begin{document}$H_{2}$\end{document}$, respectively. $\documentclass[12pt]{minimal}
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                \begin{document}$A:H_{1} \rightarrow H_{2}$\end{document}$ is a bounded linear operator. The split feasibility problem ([1.1](#Equ1){ref-type=""}) has received much attention not only because it can be used to model the problem in signal and image processing, but also it is strongly related to some general problems, such as the convex feasibility problem \[[@CR2]\], the multiple-set split feasibility problem \[[@CR3]\], the split equality problem \[[@CR4]\], the split common fixed point problem \[[@CR5]\], etc.

Throughout the paper, we always assume that the SFP ([1.1](#Equ1){ref-type=""}) is consistent, and Ω denotes the solution set of SFP ([1.1](#Equ1){ref-type=""}), *i.e.*, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega= \{ x\in C: Ax\in Q \} = C \cap A^{-1}Q. $$\end{document}$$ To solve the SFP ([1.1](#Equ1){ref-type=""}), Byrne \[[@CR6], [@CR7]\] first introduced the so-called CQ algorithm as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} \mbox{For any } x_{0} \in H_{1}, \\ x_{n+1} = P_{C} \bigl(I - \gamma A^{*}(I-P_{Q})A \bigr)x_{n},\quad n\geq0, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$0< \gamma< 2/\rho(A^{*}A)$\end{document}$, and where $\documentclass[12pt]{minimal}
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                \begin{document}$P_{C}$\end{document}$ denotes the projection onto *C*, and $\documentclass[12pt]{minimal}
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                \begin{document}$\rho(A^{*}A)$\end{document}$ is the spectral radius of the self-adjoint operator $\documentclass[12pt]{minimal}
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                \begin{document}$A^{*}A$\end{document}$. In the CQ algorithm ([1.2](#Equ2){ref-type=""}), the orthogonal projections $\documentclass[12pt]{minimal}
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                \begin{document}$P_{Q}$\end{document}$ have to be calculated, however, it may be impossible or one may need much time to compute in some cases. Yang \[[@CR8]\] proposed a relaxed CQ algorithm for solving the SFP ([1.1](#Equ1){ref-type=""}) in which the orthogonal projections $\documentclass[12pt]{minimal}
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                \begin{document}$P_{Q_{n}}$\end{document}$, respectively, that is, the orthogonal projections onto two half spaces $\documentclass[12pt]{minimal}
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                \begin{document}$Q_{n}$\end{document}$. The relaxed CQ algorithm via the formula $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \textstyle\begin{cases} \mbox{For any } x_{0} \in H_{1}, \\ x_{n+1} = P_{C_{n}} \bigl(I - \gamma A^{*}(I-P_{Q_{n}})A \bigr)x_{n},\quad n\geq 0, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$0< \gamma< 2/\rho(A^{*}A)$\end{document}$. The relaxed CQ algorithm is the use of halfspace-relaxation projection techniques due to Fukushina \[[@CR9]\]. The half spaces $\documentclass[12pt]{minimal}
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                \begin{document}$Q_{n}$\end{document}$ contain the closed convex set *C* and *Q*, respectively. There is an explicit form of computing the orthogonal projection onto the half spaces $\documentclass[12pt]{minimal}
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                \begin{document}$Q_{n}$\end{document}$. Both the CQ algorithm and the relaxed CQ algorithm used a fixed step size and need to know the largest eigenvalues of the operator $\documentclass[12pt]{minimal}
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                \begin{document}$A^{*}A$\end{document}$. Qu and Xiu \[[@CR10]\] developed a modification of the relaxed CQ algorithm by adopting the Armijo-like search method. There is no need to know the largest eigenvalue of the operator $\documentclass[12pt]{minimal}
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                \begin{document}$A^{*}A$\end{document}$ in advance, and a sufficient decrease of the objective function is done at each iteration. See for instance \[[@CR11]--[@CR16]\] and the references therein. Xu \[[@CR17]\] presented the following averaged CQ algorithm and recall its convergence can be deduced from the averaged nonexpansiveness in \[[@CR18]\]: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} \mbox{For any } x_{0} \in H_{1}, \\ x_{n+1} = (1-\alpha_{n})x _{n} + \alpha_{n} P_{C} \bigl(I - \gamma A^{*}(I-P_{Q})A \bigr)x_{n}, \quad n\geq0, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$[0, 4/(2+\gamma L)]$\end{document}$ and satisfies the condition $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum_{n=0}^{\infty}\alpha_{n} \biggl( \frac{4}{2+\gamma L} -\alpha _{n} \biggr) = +\infty,\quad L = \rho \bigl(A^{*}A\bigr). $$\end{document}$$

Since the CQ algorithm ([1.2](#Equ2){ref-type=""}), the relaxed CQ algorithm ([1.3](#Equ3){ref-type=""}) and the averaged CQ algorithm ([1.4](#Equ4){ref-type=""}) have only weak convergence in the infinite-dimensional space (except in the finite-dimensional space). In order to obtain strong convergence, Xu \[[@CR17]\] proposed the following algorithm which was inspired by the Halpern iteration method. Let $\documentclass[12pt]{minimal}
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                \begin{document}$x_{0}\in H_{1}$\end{document}$, the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$ x_{n+1} = \alpha_{n} u + (1- \alpha_{n})P_{C}\bigl(x_{n} - \gamma A^{*}(I-P _{Q})Ax_{n}\bigr),\quad n\geq0, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\{\alpha_{n} \}\subset(0,1)$\end{document}$ satisfy the conditions: $\documentclass[12pt]{minimal}
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                \begin{document}$\sum_{n=0}^{\infty }\alpha_{n} = + \infty$\end{document}$;either $\documentclass[12pt]{minimal}
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                \begin{document}$\{x_{n}\}$\end{document}$ converges strongly to the projection of *u* onto the solution set of the SFP ([1.1](#Equ1){ref-type=""}). In particular, if $\documentclass[12pt]{minimal}
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                \begin{document}$u=0$\end{document}$, the iterative sequence ([1.5](#Equ5){ref-type=""}) converges strongly to the minimum-norm solution of the SFP. Recently, Lopez et al. \[[@CR19]\] proposed an iterative algorithm which can self-adaptive update the step size as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x_{n+1} = \alpha_{n} u + (1- \alpha_{n})P_{C}\bigl(x_{n} - \gamma_{n} \nabla f(x_{n})\bigr),\quad n\geq0, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\nabla f(x)$\end{document}$ are defined by ([2.1](#Equ15){ref-type=""}) and ([2.2](#Equ16){ref-type=""}), respectively. The parameters $\documentclass[12pt]{minimal}
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                \begin{document}$P_{\Omega}$\end{document}$u. Yao *et al.* \[[@CR20]\] developed a self-adaptive iteration method to approximate the common solution of the split feasibility problem and variational inequality problem. Based on the Tikhonov regularization method, Xu \[[@CR18]\] proved the following iterative sequence converges strongly to the minimum-norm solution of the SFP ([1.1](#Equ1){ref-type=""}): $$\documentclass[12pt]{minimal}
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Yao *et al.* \[[@CR21]\] proved the strong convergence of ([1.7](#Equ7){ref-type=""}) under some different control conditions on the iterative parameters. Wang and Xu \[[@CR22]\] proposed a modified CQ algorithm with the sequence $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============

In this section, we collect some important definitions and some useful lemmas which will be used in the following section. Let *H* be a real Hilbert space with inner product $\documentclass[12pt]{minimal}
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The following definitions are well known.

Definition 2.1 {#FPar1}
--------------
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Recall that the orthogonal projection $\documentclass[12pt]{minimal}
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Remark 2.1 {#FPar2}
----------

It is easy to see that the projection operator is a firmly nonexpansive mapping. The relation between projection operator, firm nonexpansiveness, averaged nonexpansiveness, and nonexpansiveness can be presented as follows. $$\documentclass[12pt]{minimal}
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The CQ algorithm ([1.2](#Equ2){ref-type=""}) can be viewed from two different but equivalent ways: optimization and fixed point. See, for example \[[@CR18]\]. To solve the SFP ([1.1](#Equ1){ref-type=""}) from the point of view optimization. Define the proximity function $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ f(x) = \frac{1}{2}\Vert Ax-P_{Q}Ax \Vert ^{2}. $$\end{document}$$ Then the gradient of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x)$\end{document}$ is $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \nabla f(x) = A^{*}(Ax - P_{Q}Ax). $$\end{document}$$ In addition, ∇*f* is Lipschitz continuous, with Lipschitz constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L = \rho(A^{*}A)$\end{document}$. The fixed point method approach to solve the SFP ([1.1](#Equ1){ref-type=""}) is based on the fact that the SFP ([1.1](#Equ1){ref-type=""}) can be formulated as a fixed point equation.

Lemma 2.1 {#FPar3}
---------

\[[@CR18], [@CR23]\]
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Remark 2.2 {#FPar4}
----------
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The nonexpansive mapping has the following important demiclosedness property. Other important properties of nonexpansive mapping can be found in \[[@CR30]--[@CR32]\].

Lemma 2.2 {#FPar5}
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We need the following technical lemmas to facilitate our proof. The lemma below was used by many authors as the key tool in proving convergence theorems. See also \[[@CR33], [@CR34]\].

Lemma 2.3 {#FPar6}
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We shall use the following recurrent inequality to obtain our strong convergence theorems.

Lemma 2.4 {#FPar7}
---------
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The following proposition presents some important equality and inequality properties that hold in any Hilbert space. We refer to \[[@CR32]\] for other properties in a Hilbert space.

Proposition 2.1 {#FPar8}
---------------
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Main results {#Sec3}
============

In this section, we state and prove our main results. First, we prove the strong convergence of the iterative sequence ([1.12](#Equ12){ref-type=""}).

Theorem 1 {#FPar9}
---------
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Proof {#FPar10}
-----
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We have proved the strong convergence of iterative method ([1.12](#Equ12){ref-type=""}). Next, we are ready to prove the corresponding convergence theorem as regards the iterative algorithm of ([1.13](#Equ13){ref-type=""}).

Theorem 2 {#FPar11}
---------
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Proof {#FPar12}
-----

The principal proof of Theorem [2](#FPar11){ref-type="sec"} is similar to Theorem [1](#FPar9){ref-type="sec"}. However, the derivation is slightly different. We give the detailed proofs as follows. Let $\documentclass[12pt]{minimal}
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Remark 3.1 {#FPar13}
----------

The results of Dang and Gao \[[@CR23]\] is a special case of Theorem [1](#FPar9){ref-type="sec"} by letting $\documentclass[12pt]{minimal}
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Conclusions {#Sec4}
===========

The split feasibility problem has been received much attention in recent years. We developed several new iterative algorithms to solve the split feasibility problem in an infinite-dimensional Hilbert spaces. We proved that the iterative sequence converged to the solution of the split feasibility problem which is the best close to a given point. The minimum solution of it can also be found by letting the given point to be zero. Our results improve and generalize the corresponding results of Xu \[[@CR17]\], Wang and Xu \[[@CR22]\], Dang and Gao \[[@CR23]\] and Yu et al. \[[@CR37]\].
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